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Abstract
The aim of this paper is to extend classic results of the theory of CMC surfaces
in the product spaces to the class of immersed surfaces in M2(κ) × R whose mean
curvature is given as a C1 function depending on their angle function. We cover
topics such as the existence of a priori curvature estimates for graphs, height esti-
mates for horizontal and vertical compact graphs and a structure-type result, which
classifies the properly embedded surfaces with finite topology and at most one end.
1 Introduction
One of the peaks in the theory of positive constant mean curvature surfaces (CMC
surfaces in the following) in the Euclidean space R3 is the structure theorem for properly
embedded CMC surfaces due to Meeks [Mee], which states the following:
Let Σ be a properly embedded CMC surface in R3 with k ends2. Then, each end of Σ
is cylindrically bounded, and all of them cannot lie in the same half-space. In particular:
1. If k = 0, then Σ is the totally umbilical CMC sphere.
2. The case k = 1 cannot happen.
3. If k = 2, then Σ is cylindrically bounded. Moreover, Σ is a right circular cylinder
or an unduloid.
4. If k = 3, then Σ is contained in a slab (the open region delimited by two parallel
planes).
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2Let Σ be a properly embedded CMC surface in R3. Then, Σ is homeomorphic to a closed (compact
without boundary) surface with k ≥ 0 points {pi}i=1,...,k removed, and there exists neighborhoods Ui
around each pi s.t. Ei := Ui − {pi} is homeomorphic to S1 × [0,∞). Then, each Ei is called an end of
Σ.
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This pioneer work from Meeks was also generalized to other ambient spaces, see
[KKMS] for an adaptation to the hyperbolic spaceH3. The cornerstone for obtaining this
result was the existence of uniform height estimates for CMC graphs, and the possibility
of extending these height estimates to compact, embedded surfaces by reflecting w.r.t.
totally geodesic surfaces by applying Alexandrov’s reflection technique. In both spaces
this procedure can be done in any direction of the space, since both are isotropic; their
isometry group act transitively in their tangent bundle, and no direction at all is in some
sense privileged.
Besides these space forms, which have isometry group with dimension 6, the product
spaces M2(κ)× R defined as the riemannian product of the complete simply connected
surface M2(κ) with constant curvature κ and the real line R, are among the next most
symmetric spaces having isometry group of dimension 4. The theory of immersed sur-
faces in the product spaces expermiented an extraordinary development since Abresch
and Rosenberg [AbRo] defined a holomorphic quadratic differential on every constant
mean curvature surface, that vanishes on rotational examples. This quadratic differen-
tial, called in the literature the Abresch-Rosenberg differential, enabled the authors to
extend the so called Hopf theorem: an immersion of a closed surface with genus zero
and positive constant mean curvature is a rotational, embedded sphere.
Although these spaces are not isotropic, the existence of uniform height estimates as
well as some results of Meeks structure theorem have been generalized when Σ is either
a CMC surface or a surface with positive constant extrinsic curvature in M2(κ) × R,
see [AEG, ChRo, EGR, HLR, Maz, NeRo] for instance. We should highlight Nelli
and Rosenberg’s work [NeRo], where the authors showed the non-existence of properly
embedded surfaces with one end and constant mean curvature H0 > 1/
√
3 by proving a
distance lemma to the boundary of each compact, stable CMC surface with H0 > 1/
√
3.
The sharp height estimates obtained in [AEG] ensures us that this non-existence theorem
holds for every constant H0 > 1/2. This inequality is optimal, since for the value of the
mean curvature H0 = 1/2 there exists CMC entire graphs in H2 × R.
The class of immersed surfaces on which we will focus in this paper is the following:
Definition 1.1 Let H ∈ C1([−1, 1]) be a C1 function. An immersed surface Σ in the
product space M2(κ) × R has prescribed mean curvature H if its mean curvature HΣ
satisfies
HΣ(p) = H(νp), ∀p ∈ Σ, (1.1)
where ν : Σ→ R is the angle function of Σ.
For short, we will say that Σ is an H-surface.
The problem of studying immersed surfaces governed by some symmetric function
depending on its principal curvatures and its Gauss map has its origins in a long standing
conjecture due to Alexandrov [Ale] regarding the uniqueness of strictly convex spheres
with prescribed Weingarten curvature 3 in R3. This conjecture was recently solved by
3An immersed surface Σ has prescribed Weingarten curvature if it is governed by a function of its
principal curvatures and its Gauss map.
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Ga´lvez and Mira as a consequence of their oustanding work [GaMi], where the authors
announced an extremely general Hopf-type theorem4 for immersed surfaces governed by
an elliptic PDE in an arbitrary oriented three-manifold.
For the particular but important case that we prescribe the mean curvature, the
global theory of prescribed mean curvature surfaces has been recently developed by
Bueno, Ga´lvez and Mira in [BGM], where the authors covered topics such as the clas-
sification of rotational H-surfaces, including a Delaunay-type classification result; the
existence of a priori curvature and height estimates for compact H-graphs; a classifica-
tion result for properly embedded H-surfaces; the stability of H-surfaces and a radius
estimate for stable H-surfaces.
Notice that there are classes of immersed in M2 × R whose mean curvature is given
by (1.1) that have been previously studied. For instance, if H(y) = y then the immersed
surfaces in M2(κ) × R defined by (1.1) are the self-translating solitons of the mean
curvature flow in the product spaces M2(κ) × R. The properties of these solitons have
been studied recently in [Bue1, LiMa].
In general, the class of immersed surfaces inM2(κ)×R governed by Equation (1.1) has
been already defined in [Bue3], where we studied rotational H-surfaces and generalized
some of the ideas developed in [BGM]. Specifically, we studied rotational H-surfaces by
means of a phase plane analysis which led us to prove the existence and uniqueness of
immersed H-spheres and a Delaunay-type5 classification result, under some geometric
conditions on H. We also focused on the construction of entire, strictly convex H-
graphs and properly embedded annuli, named H-catenoids for resembling reasons with
the minimal case H ≡ 0, in the spaces H2(κ)×R. Finally, we analyzed further examples
of H-surfaces in M2(κ)×R, showing the richness and wideness of the class of H-surfaces
for arbitrary choices of H.
While studying these further examples, we constructed H-surfaces that cannot exist
in the CMC theory. Indeed, we proved the existence of properly embedded disks which
are cylindrically bounded, see Section 5 in [Bue3]. Motivated by the natural mixture
between Meeks structure theorem, the works of Espinar, Ga´lvez and Rosenberg [EGR]
and Nelli and Rosenberg [NeRo], the global properties of H-surfaces studied in Section
4 in [BGM], and the singular examples arising in [Bue3], the aim of this paper is to
understand the global behavior of properly embedded H-surfaces in M2(κ) × R with
finite topology.
The rest of the introduction is devoted to detail the organization of the paper, and
highlight some of the main results.
In Section 2 we will define the product spacesM2(κ)×R as the riemannian product
4In the literature, a Hopf-type theorem refers to a uniqueness result of spheres in some class of
immersed surfaces
5In the theory of CMC surfaces in R3, the Delaunay theorem states that there are exactly four
types of complete, rotational CMC surfaces: a totally umbilical sphere, a right circular cylinder, a
uniparametric family of onduloid-type surfaces and a uniparametric family of nodoid-type surfaces. In
[Bue3] we extended this result for the class of H-surfaces, under some hypothesis on H.
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of the complete, simply connected surface M2(κ) of constant curvature κ6 and the real
line R, endowed with the usual product metric. In Equation (2.2) we define the spaces
of functions C1κ(I) and C
1
κ,even(I), that will be useful in the development of this paper.
We recall the group of isometries of M2 ×R, and how the symmetries of Equation (1.1)
induce further invariance properties of the class of H-surfaces, as detailed in Lemma 2.2.
In particular, almost all the isometries in M2 ×R will be also isometries for the class of
H-surfaces.
Inspired by the ideas developed in [RST], we announce a curvature estimate lemma
2.3 for a sequence of compact H-graphs, and a compactness theorem 2.4 for the space of
H-surfaces with bounded curvature. In some sense these results will allow us to take limit
in a sequence of H-surfaces with bounded curvature and having a finite accumulation
point.
In Section 3 we will focus in obtaining uniform height estimates for compact H-
graphs. In Definition 3.1 we settle on the concept of uniform height estimate w.r.t. a
horizontal or a vertical direction inM2×R. For the spaces H2×R, in Proposition 3.3 we
obtain a uniform height estimates for horizontal compact H-graphs. Notice that these
estimates does not make sense in the space S2 × R since the base is compact.
For the case where the graphs are vertical, the situation is trickier. In [Bue3] we
constructed, for a prescribed function H ∈ C1κ(I), vertical proper H-graphs in M2 × R
contained in a vertical cylinder, and thus having unbounded height to any horizontal
plane. These examples show that more conditions on H are needed if we expect to
obtain the desired estimates. In this situation, if H ∈ C1κ,even(I) then in Theorem 3.5 we
obtain a uniform height estimates for vertical compact H-graphs in the spaces M2 ×R.
They way of obtaining these estimates is completely different from the ideas used by
Hoffman, de Lira and Rosenberg for CMC surfaces in [HLR] and by Espinar, Ga´lvez and
Rosenberg for positive extrinsic curvature surfaces in [EGR]. As H is an even function,
Alexandrov’s reflection technique guarantees the existence of uniform height estimates
for compact, embedded surfaces with boundary contained in either horizontal or vertical
planes.
Lastly, in Section 4 we study properly embedded H-surfaces with finite topology.
First we recall an outstanding theorem due to Meeks [Mee], the plane separation lemma,
see 4.1. This theorem along with the height estimates obtained in Section 3, allows us
to prove in Proposition 4.2 that if H ∈ C1κ(I), then every properly embedded H-surface
in H2×R with finite topology and one end, must lie inside a solid vertical cylinder. For
a prescribed function H ∈ C1κ,even(I), we obtain in Theorem 4.3 a more definite result:
the non-existence of properly embedded H-surfaces with finite topology and one end in
the spaces M2 × R, extending the known results due to Nelli and Rosenberg [NeRo] in
H2 × R. We conclude this paper by announcing a structure-type classification result in
Theorem 4.4: a properly embedded H-surface with finite topology and at most one end,
must be a rotational H-sphere.
6Up to an homothety of the metric, we will assume that κ = ±1.
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2 Basic properties of H-surfaces in the spaces M2(κ)× R
Let M2(κ) be the complete, simply connected surface with constant curvature κ.
Then, up to isometries, M2(κ) is one of the following surfaces: if κ = 0 we get the
usual flat plane R2; if κ < 0 we obtain the hyperbolic plane H2(1/
√−κ); and if κ > 0
we recover the totally umbilical sphere S2(1/
√
κ). We drop out the case κ = 0, since
the theory of immersed H-surfaces in R3 was widely studied in [BGM]. These non-flat
surfaces can be regarded as isometrically immersed surfaces in the space R3κ, where R3κ
stands for the usual Euclidean space if κ > 0 or for the Lorentz-Minkowski space L3
endowed with the metric with signature +,+,− if κ < 0. Indeed, the surface M2(κ) can
be defined as the quadric
M2(κ) = {(x1, x2, x3) ∈ R3κ; x21 + x22 + κx23 = 1/κ, (1− κ)x3 > 0}. (2.1)
Clearly, after an homothety of the metric we can suppose that κ = ±1, and we drop the
dependence on κ by just writing M2.
The product spaces M2 × R are defined as the riemannian product of the complete
surface M2 with the real line, endowed with the product metric. This product structure
ensures the existence of a Killing vector field defined as the gradient of the projection
onto the real factor, called the vertical vector field and denoted by e3. The vertical
planes are the surfaces given by γ × R, where γ ⊂ M2 is a geodesic, and they are
totally geodesic surfaces isometric to R2. The horizontal planes are the surfaces given
by M2 × {t0}, t0 ∈ R, and they are totally geodesic surfaces isometric to M2. We may
refer also to these horizontal planes as slices. Commonly, we will identify the base M2
with the totally geodesic slice M2 × {0}.
For the possible values of κ = ±1, we define the sets of functions
C1κ(I) =
{
H ∈ C1(I); 4H(y) > (1− κ), ∀y ∈ I
}
,
C1κ,even(I) =
{
H ∈ C1(I); H(y) = H(−y), 4H(y) > (1− κ)
√
1− y2, ∀y ∈ I
}
,
(2.2)
where I will denote throughout this paper the closed interval [−1, 1].
For the particular case that H = H0 ∈ R, this condition has a strong geometric sense
in the space H2 × R. Indeed, if κ = −1 the value 1/2 is critical for the existence of
CMC spheres; this condition ensures us the existence of a sphere with constant mean
curvature H0 < minH. In our paper [Bue3] we related this hypothesis with the existence
of H-spheres, see Theorem 3.8.
Besides the space forms R3,H3 and S3, whose isometry group has dimension six
(the highest for a three dimensional space), the product spaces M2 × R have isometry
group of dimension four, the second highest for a three-dimensional space. This group is
generated by three linearly independent translations and the isometric SO(2) action of
rotations that leaves pointwise fixed a vertical line of the form p× {R}, where p ∈M2.
One of the uniparametric group of translations is the flow of the vertical Killing vector
field e3. The product structure ensures us that the other two linearly independent group
of translations in M2 ×R are generated by two linearly independent translations of the
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base M2. The remaining isometries in M2 × R are obtained by linear combinations of
the previously introduced isometries.
Next, we derive a consequence of Equation (1.1) when we see an H-surface locally
as a vertical or horizontal graph. Let Σ be an H-surface and take some p ∈ Σ. Suppose
that ηp is not an horizontal vector. Thus, the implicit function theorem ensures us that
a neighborhood of p ∈ Σ can be expressed as a vertical graph of a function u : Ω ⊂
M2 → R. In this situation, Equation (1.1) has the following divergence expression
divM2
(
∇M2u√
1 + |∇M2u|2
)
= 2H
(
1√
1 + |∇M2u|2
)
,
where divM2 and ∇M2 are the divergence and gradient operators, both computed w.r.t.
the metric of the base. If ηp is horizontal, then Σ can be expressed as a horizontal graph
which also satisfies a divergence-type equation, see e.g. Section 5 in [Maz]. In partic-
ular, the H-surfaces satisfies the Hopf maximum principle in its interior and boundary
versions, a property that has the following geometric implication
Lemma 2.1 (Maximum principle for H-surfaces) Given H ∈ C1([−1, 1]), let Σ1,Σ2
be two H-surfaces, possibly with non-empty smooth boundary. Assume that one of the
following two conditions holds:
1. There exists p ∈ int(Σ1) ∩ int(Σ2) such that η1(p) = η2(p), where ηi is the unit
normal of Σi, i = 1, 2.
2. There exists p ∈ ∂Σ1 ∩ ∂Σ2 such that η1(p) = η2(p) and ξ1(p) = ξ2(p), where ξi
denotes the interior unit conormal of ∂Σi.
Assume moreover that Σ1 lies around p at one side of Σ2. Then Σ1 = Σ2.
This geometric maximum principle is commonly used along with the isometries of
the ambient space. Given H ∈ C1([−1, 1]), Σ an H-surface and Φ an isometry ofM2×R,
if we ask Φ(Σ) to be an H-surface for the same prescribed function H, then by Equation
(1.1) Φ must keep invariant the angle function ν of Σ.
For example, the translations of an immersed surface in M2×R does not change the
value of the coordinates of its unit normal, and thus it is immediate that any translation
of an H-surface is again an H-surface. Moreover, almost all the isometries ofM2×R will
be also isometries for the class of immersed H-surfaces, as a straightforward consequence
of the next lemma:
Lemma 2.2 Given H ∈ C1([−1, 1]), let be Σ an H-surface, η : Σ → TM2 × R a unit
normal vector field and Φ an isometry ofM2×R such that H◦Φ(y) = H(y), ∀y ∈ [−1, 1].
Then Σ′ = Φ ◦ Σ is an H-surface in M2 × R with respect to the orientation given by
η′ := dΦ(η).
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In particular, as the angle function ν on each surface is invariant under the rotations
around any vertical axis, Equation (1.1) implies that the class of H-surfaces contains the
rotations around each vertical line as a uniparametric group of isometries. As a matter
of fact, the class of H-surfaces also contains the reflections with respect to vertical planes
as isometries. For the particular case that H is an even function, the reflections w.r.t.
horizontal planes are also isometries; these reflections changes the sign of ν but H takes
the same value on ν and −ν, inducing the corresponding reflection as an isometry.
The last two results in this section will be the cornerstone in the proof of further
results. Both are inspired by the ideas developed in the proof of the main theorem in
[RST], where the authors obtained a general bound for the second fundamental form
and the diameter of an immersed CMC surface. These results were also extended to the
case of H-surfaces in R3 [BGM] and for CMC surfaces in the homogeneous spaces Nil3
and P˜SL2(R) [Bue2]. The proof of both results are quite similar to the ones exposed in
[Bue2, BGM], and this is the reason for omitting them.
The first one is a uniform curvature estimate for a sequence of compact H-graphs,
which ensure that those graphs cannot have blowing second fundamental form, or equiv-
alently, blowing curvature.
Lemma 2.3 Let be H ∈ C1([−1, 1]), Π a horizontal plane and {Σn} a sequence of
compact vertical H-graphs in M2 × R, with ∂Σn ⊂ Π and with heights to Π tending to
infinity, and fix d > 0. Then, there exists a positive constant Λ such that the uniform
estimate holds:
|σΣn(p)| < Λ, ∀p ∈ Σ∗n, ∀n ∈ N,
where σΣn denotes the second fundamental form of each Σn and Σ
∗
n is the subset of Σn
defined as
Σ∗n = {p ∈ Σn; d(p, ∂Σn) > 2d}.
This curvature estimate implies the following compactness theorem for the space of
H-surfaces inM2×R with bounded second fundamental form. In some sense, this result
allows us to take limit in a sequence of H-surfaces with bounded curvature, which has
some limit point in M2 × R as an accumulation point.
Theorem 2.4 Let (Σn)n be a sequence of Hn-surfaces in M2 × R for some sequence
of functions Hn ∈ Ck([−1, 1]), k ≥ 1, and take pn ∈ Σn. Assume that the following
conditions hold:
1. There exists a sequence of positive numbers rn → ∞ such that the geodesic disks
Dn = DΣn(pn, rn) are contained in the interior of Σn, i.e. dΣn(pn, ∂Σn) > rn.
2. The sequence (pn)n has some p∞ ∈M2 × R as accumulation point.
3. If |σn| denotes the length of the second fundamental form of Σn, then there exists
a constant C > 0 such that |σn|(x) ≤ C for every n and every x ∈ Σn.
4. Hn → H∞ in the Ck topology to some H∞ ∈ C1([−1, 1]).
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Then, there exists a subsequence of (Σn)n that converges uniformly on compact sets in
the Ck+2 topology to a complete, possibly non-connected, H∞-surface Σ∞ of bounded
curvature that passes through p∞.
3 A uniform height estimate for compact graphs
In the next definition we formalize the notion of height estimate in the class of
prescribed mean curvature graphs.
Definition 3.1 Let be H ∈ C1([−1, 1]), and suppose that v is either a horizontal or
a vertical unit vector. We will say that there exists a uniform height estimate for H-
graphs in the v-direction if there exists a constant C(H, v, κ) > 0 such that the following
assertion is true:
For any graph Σ in M2×R of prescribed mean curvature H oriented towards v (i.e.
〈η, v〉 > 0 on Σ where η is the unit normal of Σ), and with ∂Σ contained in the plane
Π = v⊥, it holds that the distance of any p ∈ Σ to Π is at most C(H, v, κ).
Note that the concept of uniform height estimate in a horizontal direction only makes
sense in the spaceH2×R, since the base of the space S2×R is compact and thus horizontal
graphs automatically satisfy a horizontal height estimate. For the space H2 × R, since
rotations with respect to a vertical line are isometries for the class of immersedH-surface,
it follows that the constant C(H, v, κ) in Definition 3.1 is independent of the choice of
the horizontal direction v fixed. In this situation, we may refer simply to horizontal
height estimates.
For the case thatH is an even function, the notion of vertical uniform height estimate
and the constant C(H,±e3, κ) are also independent of the direction e3 or −e3 chosen.
Therefore, for a fixed H ∈ C1([−1, 1]), the constant C(v, κ) only depends on the space
where the graph is defined and on the vertical or horizontal direction on which we define
the graph. We will denote by Ch to the constant in Definition 3.1 for the class of
horizontal H-graphs in H2 ×R. Since we will only focus on even functions in the study
of vertical height estimates, we will denote just by Cκ to the constant in Definition 3.1
if the graph is vertical.
Let us introduce some notation for the space H2 × R, for which we will use the
Poincare´ disk model of H2. Let Π be a vertical plane in H2 × R passing through the
origin o, and consider a complete horizontal geodesic σ(t) in H2 ≡ H2 × {0} such that
σ(0) = o ∈ Π and σ′(0)⊥Π. The oriented foliation of vertical planes along σ is the family
of vertical planes Πt at oriented distance t to Π, such that Π0 = Π and σ
′(t)⊥Πt, ∀t.
Those planes are obtained as the image of Π under the translations corresponding to
the flow generated by a horizontal Killing vector field, having σ(t) as integral curve.
The next two results are original from the pioneer work of Meeks [Mee] for CMC
surfaces in the Euclidean space R3. The ideas developed were also adapted for the case
of surfaces in H2×R with constant extrinsic curvature, see the proof of Theorem 6.2 in
[EGR]. Here we extend both results for the case of H-surfaces in M2 × R. For the first
we omit its proof, and for the second we just give a sketch of it.
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Lemma 3.2 Let be H ∈ C1κ(I) and Σ an H-graph in M2 ×R defined over a closed (not
necessarily bounded) domain contained in an either vertical or horizontal plane Π, with
zero boundary values. Denote by d to the diameter of the sphere SH0 of constant mean
curvature 0 < H0 < minH in M2 × R. Then, for every t > 2d, the diameter of each
connected component of Σ ∩Πt is at most 2d.
Proposition 3.3 Given H ∈ C1−1(I), there exists a uniform height estimate for hori-
zontal, compact H-graphs in H2 × R.
Sketch of the proof : Arguing by contradiction, assume that such estimate does not hold.
Then, there exists a sequence of horizontal, H-graphs Σn over domains Ωn which can
be supposed to lie in the same vertical plane Πw where their boundaries ∂Σn = ∂Ωn lie,
and such that the maximum distance from Σn to Πw tends to infinity. Moreover, after
intersecting the H-graphs with a plane parallel to Πw at distance big enough, Lemma
3.2 ensures us that the domains Ωn satisfy a uniform diameter estimate, and thus they
can be supposed to lie inside a bounded domain Ω∞. We keep naming these intersected
graphs by Σn.
In this situation, all the H-graphs lie in the interior of the horizontal Killing cylinder
Ω∞(t). Let v be a unitary horizontal vector which makes an angle of pi/4 with w. As
mentioned in Lemma 2.2, we can apply Alexandrov reflection technique with respect to
the family of vertical planes Πv orthogonal to v.
Now, arguing as in Theorem 6.2 in [EGR] making reflections with respect to planes
Πv(t) orthogonal to that tilted direction v, we ensure the existence of a positive constant
Ch = C(H,−1) > 0, which is independent of Σ, such that the distance of each p ∈ Σ to
Πw is bounded by C. This proves Proposition 3.3
2
As we can reflect with respect to any vertical plane, the Alexandrov reflection tech-
nique allows us to extend the previous uniform height estimates for compact embedded
H-surfaces with boundary contained in a vertical plane.
Corollary 3.4 Given H ∈ C1−1(I), every compact, embedded H-surface in H2 × R with
boundary contained in a vertical plane Π has distance to Π bounded by 2Ch, where Ch
is the constant appearing in the proof of Proposition 3.3.
The cornerstone in the proof of Proposition 3.3 is that the symmetries in Equation 1.1
induced by H allows us to reflect with respect to tilted planes to the direction of which
Σ is a graph, and the fact that Σ can be supposed to be cylindrically bounded from a
fixed height.
When trying to obtain height estimates for vertical H-graphs, we observe that they
can be also supposed to be cylindrically bounded by means of Lemma 3.2, but there do
not exist totally geodesic surfaces which are tilted with respect to the vertical direction.
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Thus, we need to develop new ideas in order to obtain vertical height estimates. The
following result is inspired by the proof of Theorem 4.5 in [BGM].
Theorem 3.5 For each H ∈ C1κ,even(I), there exists a uniform height estimate for ver-
tical H-graphs in M2 × R.
The fact that H belongs to the space of functions H ∈ C1κ,even(I) is key in the proof
of this result, as this hypothesis guarantees the existence of an H-sphere SH in the
class of H-surfaces, see Theorem 3.8 in [Bue3]. Indeed, if H does not satisfy the bound
4H(y) > (1 − κ)
√
1− y2 or if H is not an even function, then in Sections 4 and 5 in
[Bue3] we constructed examples of H-surfaces that unable the existence of an H-sphere.
In contrast with other results, we cannot simply consider a CMC sphere with mean
curvature lower than H.
Proof: Arguing by contradiction, suppose that H ∈ C1κ,even(I) is a function for which
there is no uniform height estimate for vertical H-graphs.
In this situation, there exists a sequence (Σn)n of H-graphs with respect to the e3-
direction, oriented towards e3, and with boundary ∂Σ contained in the totally geodesic
slice Π = {z = 0}, and points pn ∈ Σn such that the height of pn over Π is greater than
n. Note that by the mean curvature comparison theorem, Σn ⊂ {z ≤ 0}.
Take now z0 > 2d, where d is the diameter of the H-sphere SH, and denote Σ∗n :=
Σn ∩ {z ≤ −2z0}. By hypothesis, pn ∈ Σ∗n for n large enough. By Lemma 3.2, the
connected component Σ0n of Σ
∗
n that contains pn is compact, and contained inside a
vertical solid cylinder.
Let qn ∈ Σ0n be a point of maximum height of Σ0n, and let Σ1n := Σ0n − qn denote the
translation of Σ0n that takes qn to the origin o in M2 ×R. By Lemma 2.3, the norms of
the second fundamental form of the graphs Σ1n are uniformly bounded by some positive
constant Λ > 0 that only depends on d and ||H||C1(S2), and not on n. Moreover, the
distances in M2 × R from the origin to ∂Σ1n diverge to ∞. Now, applying Theorem
2.4 we deduce that, up to a subsequence, there are smooth compact sets Kn of the
graphs Σ1n, all of them containing the origin and with horizontal tangent plane at it,
and that converge uniformly in the C2 topology to a complete H-surface Σ∞ of bounded
curvature that passes through the origin.
Let us define next ν∞ := 〈η∞, e3〉, where η∞ is the unit normal of Σ∞. Note that
η∞(o) = 1. As all the graphs Σ1n are oriented towards e3, we deduce that ν∞ ≥ 0 on
Σ∞. Furthermore, it a well known fact (see [Dan] for instance) that ν is a solution to
an elliptic equation on Σ of the form
∆Σν + 〈X,∇Σν〉+ q = 0, (3.1)
where ∆Σ,∇Σ denote the Laplace-Beltrami and gradient operators on Σ∞, X ∈ X(Σ∞),
and q ∈ C2(Σ∞). By the maximum principle for (3.1), and the condition ν∞ ≥ 0, we
conclude that either ν∞ ≡ 0 on Σ∞ (which cannot happen since ν∞(o) = 1), or ν∞ > 0
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on Σ∞. Therefore, Σ∞ is a local vertical graph, i.e. for every p ∈ Σ∞ it holds that
TpΣ∞ is not a vertical plane in M2 × R.
Once here, and since Σ∞ is a limit of compact pieces of the graphs Σ1n, it is clear that
Σ∞ is itself a proper graph in M2×R over a domain Ω∞ ⊂ {z = 0} oriented towards e3.
By construction, this graph has horizontal tangent plane at the origin, it has bounded
second fundamental form, and lies entirely in the closed half-space {z ≥ 0}. Moreover,
since each Σ0n lies inside a vertical solid cylinder, we deduce that all points of Σ∞ lie
at a bounded distance in M2 ×R from the vertical axis passing through the origin, and
thus the domain Ω∞ is relatively compact.
At this point, a similar argument to the one used in the proof of Theorem 4.5 in
[BGM] ensures us that there exists a sequence of points an ∈ Σ∞ such that ν∞(an)→ 0
and a3n → ∞, where a3n denotes the height of the point an, and in a way that the
sequence of vertically translated graphs Σn∞ = Σ∞ − (0, 0, a3n) converges uniformly on
compact sets to the complete cylinder C = α × R with prescribed mean curvature H,
where α = ∂Ω∞ is a closed curve. Moreover, it is clear that Ω∞ is actually the inner
region bounded by α. As C has constant angle equal to zero, the mean curvature HC
is constant and equal to H(0) = κα/2, where κα is the geodesic curvature of α
Now we stand in position to prove Theorem 3.5. As the cylinder C and the H-sphere
SH are both H-surfaces, their mean curvatures agree in the points with the same angle
function. In particular, the principal curvatures κ1, κ2 of SH at any point p0 of the
equator of SH and the geodesic curvature of α satisfy
2HSH(p0) = κ1(p0) + κ2(p0) = 2H(0) = 2HC = κα. (3.2)
Suppose, after a vertical translation, that the sphere SH is a bi-graph over a domain
ΩSH contained in the plane {z = 0}. If we denote by γ = SH∩{z = 0} to the equator of
SH, its geodesic curvature satisfies κγ = κ1 and Equation 3.2 ensures us that κγ < κα.
Moreover, as both curves γ and α have constant geodesic curvature, we can translate
α and γ to the origin of H2 × R such that both α and γ are circumferences and with
α ⊂ γ. In particular, the solid region Ω∞ ×R is contained in the solid region ΩSH ×R.
Denote by S−H = {p ∈ SH; νp ≥ 0} to the lower bi-graph of SH with the upwards
orientation and fix ε > 0.
Recall that the cylinder C = α×R was obtained as the limit of vertical translations
of the proper graph Σ∞ over the domain Ω∞, and this domain has α as boundary. At
this point, if we suppose that Σ∞ has horizontal tangent plane at the origin, it is clear
that we can consider the vertical translations Σt∞ := Σ∞ − te3 until there exists some
t0 < 0 such that Σ
t0∞ and S
−
H have a first contact point. As ∂S
−
H = ∂ΩH and ∂Ω∞ was
strictly contained in ΩH, it is clear that this first contact point must be an interior one.
But the half-sphere S−H and Σ∞ are both upwards oriented H-graphs, contradicting the
maximum principle for H-surfaces. This concludes the proof of Theorem 3.5
2
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As the prescribed functions H ∈ C1κ,even(I) are even, Alexandrov’s reflection tech-
nique with respect to horizontal planes has as direct consequence the following corollary.
Corollary 3.6 Given H ∈ C1κ,even(I), every embedded H-surface in M2×R with bound-
ary contained in a horizontal plane Π has distance to Π bounded by 2Cκ, where Cκ is
the constant appearing in the proof of Theorem 3.5.
4 A structure-type result
The following result is a classic result in the study of properly embedded CMC
surfaces in R3 and was firstly proved by Meeks, see [Mee]. This result has been also
generalized to other ambient spaces, see Lemma 2.4 in [NeRo] for the case of CMC
surfaces in H2×R, or to other curvatures of the surface, see Theorem 7.2 in [EGR]. We
announce this result for an arbitrary surface in M2 × R with an adequate lower bound
on the mean curvature, as the proof is similar to the original by Meeks.
Theorem 4.1 (Plane separation lemma) Let Σ be a surface with boundary in M2×
R, diffeomorphic to the punctured closed disk D − {0}. Assume that Σ is properly
embedded, and that its mean curvature HΣ satisfies HΣ(p) ≥ H0 for every p ∈ Σ,
and for some H0 > (1− κ)/4.
Let be d > 0 be the diameter of the sphere SH0 with constant mean curvature H0,
P1, P2 two disjoint planes (either vertical or horizontal) in M2×R at a distance greater
than 2d, and P+1 , P
+
2 the two disjoint half-spaces determined by these planes. Then, all
the connected components of either Σ ∩ P+1 or Σ ∩ P+2 are compact.
The key in the proof of this lemma is to extract a big enough simply connected piece
of Σ and then compare with a big enough sphere (that exists by the lower bound on
HΣ), contradicting the mean curvature comparison theorem. In particular, the class of
H-surfaces for H ∈ C1κ(I) satisfy the hypothesis of Theorem 4.1.
The plane separation lemma allows us to prove the following result.
Proposition 4.2 Let be H ∈ C1κ(I). Then, every properly embedded H-surface in H2×R
with finite topology and one end lies inside a solid vertical cylinder.
Proof: Let Σ be a properly embedded H-surface in H2×R with finite topology and one
end. After an ambient isometry, we may suppose that the origin o in H2 × R belongs
to Σ. Given an horizontal vector v, let γv(t) be the geodesic passing through o at the
instant t = 0 with direction v and denote by Πt to the foliation of vertical planes along
γv. Let d be the diameter of the sphere SH0 with constant mean curvature H0, fix
t0 > 2d and consider the vertical planes P1 = Πv(t0), P2 = Πv(−t0). Clearly, P1, P2 are
two disjoint vertical planes at distance to each other greater than 2d. Moreover, we can
assume that both P1 and P2 intersect Σ.
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Since Σ is a properly embedded surface with finite topology having only one end, we
may decompose Σ = Σ0 ∪ A, where Σ0 is a compact surface with boundary and A is a
proper embedding of a disk S1∪ [0,∞) into H2×R and such that ∂Σ0 = S1∪{0}. In this
setting, the plane separation lemma 4.1 ensures us that either Σ ∩ P+1 or Σ ∩ P+2 only
has compact connected components; for definiteness, say that Σ∩P+1 has this property.
By the height estimates existing due to Proposition 3.4, the surface Σ is contained
in the half-space Π+v (t0 + 2Ch), where Π
+
v (t0 + 2Ch) is the half-space determined by
Πv(t0 + 2Ch) that does not contains the origin.
Now consider the planes P3 = Πv(t0 − 4Ch) and P4 = Πv(−t0 − 4Ch) and their
disjoint half-spaces P+3 and P
+
4 . The same arguments as before ensures us that at least
one of Σ ∩ P+3 or Σ ∩ P+4 only has compact connected components. If this is the case
for Σ ∩ P+3 , then the height estimates in Proposition 3.4 ensures us that Σ is contained
in P−3 (t0 − 2Ch), which is a contradiction since Σ ∩ P1 6= ∅. Thus, Σ ∩ P+4 has only
compact connected components and arguing as in the previous paragraph we deduce
that Σ is contained in the half-space P+4 (−t0 − 6Ch)
Notice that as Equation (1.1) is rotationally symmetric, the choice of the horizontal
vector v is independent of this method. Hence, Σ is contained in a solid cylinder,
finishing the proof of Theorem 4.2.
2
The previous result only makes sense in the space H2×R since the base of the space
S2 × R is compact, and every properly embedded surface in S2 × R lies at bounded
distance to any vertical line p× {R}.
If we suppose that H ∈ C1κ,even(I), i.e. H is also an even function, we obtain a more
definite non-existence result which holds not only in the space H2×R, but in S2×R as
well.
Theorem 4.3 If H ∈ C1κ,even(I), then there do not exist properly embedded H-surfaces
in M2 × R with finite topology and one end.
Proof: Suppose that the statement of Theorem 4.3 does not hold, and let Σ be a properly
embedded H-surface in M2 × R with finite topology and one end. Let P1, P2 be two
horizontal planes at distance to each other greater than 2d, where d denotes as usual the
diameter of the sphere in M2 × R with constant mean curvature equal to H0, for some
H0 < minH. After a vertical translation if necessary, the vertical height estimates for
compact, embedded H-surfaces given by Corollary 3.6 along with the plane separation
lemma 4.1 ensures us that Σ is contained in the half-space determined by one of the
horizontal planes Pi, say for definiteness P1. A similar argument to the one used in the
proof of Proposition 4.2 allows us to enclose Σ in the open slab determined by the planes
P1 and P2, i.e. the height function of Σ is bounded.
However, this is a contradiction in both spaces S2×R and H2×R, as detailed next.
If the space is S2 ×R, then all the coordinates of Σ are bounded, and since Σ is proper
then Σ would be a closed surface, a contradiction with the fact that Σ has one end. If
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the space is H2 × R, then we know by Proposition 4.2 that Σ is cylindrically bounded
and thus is contained also in a compact region, which yields that Σ is a closed surface,
also a contradiction.
This concludes the proof of Theorem 4.3.
2
The following structure-type result is a straightforward consequence of Theorem 4.3,
Proposition 2.3 in [Bue3] and the Hopf-type theorem in [GaMi] for immersed spheres.
Theorem 4.4 Let be H ∈ C1κ,even(I) and Σ a properly embedded H-surface in M2 × R
with finite topology and at most one end. Then, Σ is, up to ambient translations, a
rotational H-sphere.
Sketch of the proof : If Σ has no ends, then Σ is a closed, embedded surface and thus
applying Alexandrov reflection technique ensures us that Σ is topologically a sphere and
that is rotational around some vertical line, see [Bue3] for details on how this sphere
is constructed. Moreover, Σ is unique among all H-spheres because of the uniqueness
result stated in [GaMi]. If Σ has one end, then such surface does not exists because of
Theorem 4.3.
This concludes the proof of Theorem 4.4.
2
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